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■^J- . Abstract 

O. 

A measure describing the chaos of a dynamics was introduced by 
two complexities in information dynamics, and it is called the chaos 
degree. In particular, the entropic chaos degree has been used to char- 
acterized several dynamical maps such that logistis, Baker's, Tincker- 
bel's in classical or quantum systems. In this paper, we give a new 
treatment of quantum chaos by defining the entropic chaos degree for 
quantum transition dynamics, and we prove that every non-chaotic 
quantum dynamics, e.g., dissipative dynamics, has zero chaos degree. 
A quantum spin 1/2 system is studied by our chaos degree, and it is 
shown that this degree well describes the chaotic behavior of the spin 
system. 



1 Introduction 

There exist several approaches in the study of chaotic behavior of dynami- 
cal systems using the concepts such as (1) entropy and dynamical entropy, 
(2) Chaitin's complexity, (3) Lyapunov exponent (4) fractal dimension (5) 
bifurcation (6) ergodicity [H El El El III UHj • But these concepts are rather 



independently used in each field. In 1991, one of the authors proposed In- 
formation Dynamics (ID for short) ^3 El Ej to try to treat such chaotic 
behavior of systems from a common standing point. Then a chaos degree to 
measure the chaos in dynamical systems is defined by means of two complex- 
ities in ID|rf)lEl- In particular, among several chaos degrees, the entropic 
chaos degree was introduced in [TH] and it is applied to some dynamical 
systems jIHl El EH- Recently, semiclassical properties and chaos degree for 
quantum Baker's map has been considered in [TUI ITT] . 

In this paper, we give a new treatment of quantum chaos by introducing 
the chaos degree for quantum transition dynamics, and we prove some funda- 
mental properties for non-chaotic maps. Moreover we show, as an example, 
that our chaos degree well describes chaotic behavior of spin systems. 



2 Entropic chaos degree 

In order to contain more general dynamics such as one in continuous sys- 
tems, we define the entropic chaos degree in C*-algebraic terminology. This 
setting will be too general in the sequel discussions, but for mathematical 
completeness including both classical and quantum systems, we start from 
the C*-algebraic setting. 

Let (A, (3) be an input C* system and (A, 6) be an output C* system; 
namely, A is a C* algebra with unit / and & is the set of all states on A. 
We assume A = A in the sequel for simplicity. For a weak* compact convex 
subset S (called the reference space) of (3, take a state <p from the set S and 
let 



be an extremal orthogonal decomposition of ip in S, whose measure /x de- 
scribes a certain degree of mixture of cp in the reference space S. The measure 
H is not uniquely determined unless S is the Choquet simplex, so that the 
set of all such measures is denoted by M^ [S) . 

Definition 1 The entropic chaos degree with respect to (p G S and a channel 
A*, a map from 6 to &, is defined by 



D s (<p; A*) =inf Us s (A* p)dp^,^ e M^S)} (1) 

where S (A*tp) is the mixing entropy of a state A*p in the reference space S 
[B] , hence it becomes von Neumann entropy when & is the set of all density 
operaotrs, or it does Shannon entropy when & is the set of all probability 
distributions. This D s (tp; A*) contains the classical chaos degree and the 
quantum one. Now in the case of S —&, we simply denote D s {tp; A*) by 
D(p;A*). 

We use this degree to judge whether the dynamics A* causes a chaos or 
not as follows: 

Definition 2 For a give state p, a dynamics A* causes chaos iff D > , 
and it does cause chaos (i.e., may be called stable) iff D = . 

In usual quantum system including classical discrete system, A is the set 
B (TC) of all bounded operators on a Hilbert space TC and & is the set of all 
density operators, in which an extremal decomposition of p G & is a Schat- 
ten decomposition p = J2kP k ^ k (^- e -' {Ek} are one dimensional orthogonal 
projections with ^ Ek — I), so that the entropic chaos degree is written as 



I k 



D(p;A*)=mUyv k S(A*E k );{E k }}, (2) 



where the infimum is taken over all possible Schatten decompositions and 
S is von Neumann entropy. Note that in classical discrete case, the Schat- 
ten decomposition is unique p = J2kP k ^ k with the delta measure 5 k (j) = 

1 (k= j) 

„ z, , .{ , and the entropic chaos degree is written by 

{k=£j) 

D(p;A*) = Y,P k S(A*h), (3) 

k 

where p is the probability distribution of the orbit obtained from a dynamics 
of a system, and that dynamics generates the channel A*, whose details are 
discussed in Section 2. Before closing this section we remark that in the 



case when a certain decomposition of the state p is fixed, say p = J2kPkPk> 
p k G &, the entropic chaos degree (ECD in the sequel) becomes 

D( V ;A*) = J2PkS(A*p k ) (4) 

k 
without the infimum. 

3 Entropic chaos degree for classical dynam- 
ics 

Let us consider a map / on I = [a, b] C R N with x n+ i = f (x n ) (a difference 
equation), xo = x. Take a finite partition of /; / = \J k B k with Bi fl Bj = 
(i 7^ j) . The state p^ n ' at time n determined by the difference equation is 

the probability distribution p^ = fp^ n ' J of the orbit {f n (x) ; n — 0, 1, • • • }, 

that is, 

-. m+ri 

» _ i V^ 



fc=ri 

where 1^ is the characteristic function and Z? = {B{\. When the initial value 
x is distributed due to a measure v on /, the above p\ is given as 



, m+n 
(n) _ ' 

k=n 



.. „ m+n 

^ 7 fc=n 

The joint probability distribution (p^™' n ) between the time n and n + 1 
is defined by 

_. m+n 

P'"'"" s ^TT S 1 ". (A) 1b, (/ t+1 x) (7) 

fc=n 



or 



TYb~\~Th 



, m+n 
(n,n+l) 

fe=n 
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Then the channel A* at n is defined by 



(n,n+l) N 
1 Pi.B 



and the chaos degree at time n is given by 



D (x; f) = snp D (p^; A^) = snp J>$S(AV*) = E?S +1) log ■ ( „,,_ J , 

{ Bi ^ "t^J" t ij Pij.B 

(10) 
Therefore once we find a suitable partition S such that D (p ( g , A* B ) be- 
comes positive, we conclude that the dynamics / produces chaos. 

This entropic chaos degree has been applied to several dynamical maps 
such logistic map, Baker's transformation and Tinkerbel map, and it could 
explain their chaotic characters|17[ IH], This chaos degree has several merits 
to usual measures such as Lyapunov exponent. 



4 Entropic chaos degree for quantum dynam- 
ics 

Let us consider von Neumann-Liouville equation 

i^ = [H (t) , p t ] (11) 

with the initial condition 

P S = P (12) 

The solution of (JTTjl is given in the form 

p t>a = A t > = U t , s pU t * s (13) 



where 



U t , a = Texp ( -i I H (A dt 
and it follows from ()14j) and (jlHj) that the relations 



(14) 



Ut,sU 8 , u = U ttV , U t ,t = I, t>s>u (15) 

and 

KAlu = A?, w , A* t =^, t> S > M (16) 

hold. 

From (J15J1 and (|16|) one finds that 

C/*+A, s = ^ + A,^M (17) 

and 

a: +a , s = AI +Al A%- (18) 

That is, the relation between U t+ A,s {-^-t+A s) an d Ut,s (A£ s) * s l mear one - 
Let us put 



s = 0, t = nr 

u n = u nTfi , a; = a; Ti0 (iq) 

V; = Texp(-i f HfAdt'y (20) 

Then one finds 



U n = KK-i Vi (21) 

A> = KK-i V lP (V n V n ^ Vi)* = U n pU* (22) 

The time dependence of H (t) is generally very complicated. 



One can consider as an example the following case. Let Hi, ... , H n be 
selfadjoint operators such that I, F Xl . . . , F n are linearly independent. Sup- 
pose that 



iV 



H(t) = J2 c k(t)F k + H for £>0 
where c\ (t) , . . . , c n (t) are solutions of the equations 
dc k (t) 



dt 
with initial conditions 



/ fc (ci (*),..., CiV (t)) k = l,...,N (23) 



Ck (0) = c° 
and it is assumed that 

H (t) = H for t < 0. 

The equations (|2*3*j) can lead to chaos. However its discrete version is quite 
complicated. 

Another example can be given in the form 

H (t) = H + H n for (n-l)r<t<nr, n = 1, 2, . . . (24) 

H it) = H for £ < 
and suppose that H n are determined as follows 

H n+1 = G(H n ) (25) 

or more explicitly 



TV 

' Jk) ^\ t: 
k 



fc=l 

where 



c 



(k) m = nt (Jl) JN) 



n+1 



(t)=g k (cW,...,cW), n = l,2, 



and Fk are as above. 

Thus the channel describing a discrete dynamics of a quantum systems 
as in the above examples is written as 

a; +1 = ex. (26) 

and 

Pn+l = ^n+\P = ®nPn- 

It follows from the above examples that operators V n and consequently 
maps 6* may inherit some chaotic properties of the equations (|23j) or (I25j) . 
However it seems that the only way to investigate the properties of 0* is 
to calculate expectation values of some observables. The simple choice is to 
consider one observable. 

Let X G B (TC) be an observable and p G & (H) be an state of the system. 

Let us consider the sequence 



where 



and 



x n = trX6>, (27) 



©> = v nP v: (2i 



V n = Texpl-i / H (t')dt' 

V J(n-l)r ^ ' 



'(n-l)r 

In the special case (J23J) one has 

V n = e - iT{Ho+H "\ 7i=l,2,... 

The sequence {x n } characterize the changes of 0* . Let X and p be fixed 
and take a proper N. Let r, R be 

r = inf trX0*p = inf x n , R = suptrX0*p = supx n , n — 1, 2, • • - , N. 

n n n n 

(29) 



In this case, the interval I in Section 2 can be written by 

I=[r,R}. (30) 

Using the same way as we mentioned in Section 3, one can calculate the 
entropic chaos degree D. 

One can generalize the chaos degree taking the set Xi,X 2 , . . . , Xl (L G N) 
of observables. 

The quantum entropic chaos degree is applied to analyze quantum spin 
systems and quantum baker's map, and we could measure the chaos of these 
systems. 



5 Properties of entropic chaos degree for quan- 
tum dynamics 

In this section we explain some properties of the entropic chaos degree for 
quantum dynamics. We have the following theorem. 

Theorem 3 For any p 6 6 (H), A* n : 6 (H) -»• 6 (H), n = 1, 2, ■ ■ ■ , we 
have: 

(1) Let [/bea unitary operator. If A*p = U n pU* n , then D (p; A*) = 0, 

(2) IfA> = p,then£>(p;A;) = 0, 

(3) Let p be a fixed state on Ti. If A*p = p , then D (p; A*) = 0, 

(4) Let {P n } be one dimensional projections such that ^2 k P^ = I. If 
KP = E kl ... kn P^Pk^i ■ ■ ■ P kl pP kl ■ ■ ■ P kn - 1 Pk n , then D (p; A;) = 0. 



Proof: Let X be an observable, r,R be real numbers given by ()29j) . n, m, 
M be large natural numbers and 



B { 



i i + 1 

— (R — r) + r, (R — r) + r 



for i = 0, • • • , M - 2, 



Bm-i 



M - 1 

(R-r)+r,R 



M 
(1) By a direct calculation, we obtain 

x k = trXe* k p = txXUpU*, k = 1, 2, • • • . 
Let B no be a domain including the point trXUpU*. Then we have 

because Xfc is independent of k. One finds that 



1 m+n 

PnlB = ^EkW- 1 ( 31 ) 

fc=n 



m+n 
(n,n+l) 
Pn n ,B _|_ 

fc=n 



"XT E lfl »o (**) K, fo+O ( 32 ) 

(EHD and (j22) imply that 

^(^ n) ;A;, B )=o 

for any partition B, hence 

D(p; A* n ) = 0. 

(2) Note that 

x k = tiXQ* k p = ti Ap, k = 1, 2, • • • . 

for fceN. 

Let _B ni be a domain including the point tr (Xp) . Then we have 
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because x k is independent of k. One finds that 
One can show that 

Pm B — P ni n u B — l \°°) 

This equation (J33j) implies 

d (p; a;j = 0. 

(3) A direct calculation yields 

Xk = trXQ* k p = trXp , k = 1, 2, • • • . 

for k G N. 

Let B n2 be a domain including the point tr Ap . Then we have 

because x^ is independent of k. It follows that 



Jn) _ Jn,n+1) _ 1 
^n 2 ,B t J n 2 n 2 ,B L 



Similarly (2), we obtain 



D{p-K) = 0. 
(4) By a direct calculation, we have 

x k = trXeip = trX | V P i pP 1 ) , k = 1, 2 



trXO*p = trXP£ P^j 



5 -"5 



for fc G N. 

Let P„ 3 be a domain including the point trX f J^ PjpPj ) • Then we have 



•£fc G -D713 
11 



because Xk is independent of k. One can show that 



(n) _ (n,n+l) _ j ( oa\ 



ns,B yn3Ti3,B 

This equation (J33|) implies 

j d( p; a;) = o. 



6 Entropic chaos degree for quantum dynam- 
ics in spin 1/2 system 

Let us study a spin 1/2 system in external magnetic field. The Hamiltonian 
of the system has the form 

H{t) = ^-aB{t)= l -ay t (35) 

where 

y t = — B(t)eR 3 . (36) 

mc 

Following the scheme presented in Section 4, one can choose operators Fi, F 2 , F 3 
in (J23|) as Ci, <7 2 , cr 3 , then the equations (J25J) will take the form 

, (fe) 
-^- = 1* (Vt) , k = 1, 2, 3, f t0 = y (37) 

and 

Vt — c for t < 0. 

In what follows we will proceed according to the second example (|25jl one 
has 

y n+ i = Z(y n ), n = 0,1,2,... (38) 

Denoting 

- r i - - j?2_ 

\Vn\ 

12 



one has 

— * — > 

In this case 

V n = exp f-*-^~ (e n , o)) ■ 

Instead of ()38|) we can rewrite 

e n+1 = e[e n ] , e n = («£>, e%\ ef) . (39) 

Any observable can be written in the form X = aa, a G R 3 , then one finds 

V*aaV n = Q n aa = BR (ujt, e n ) a 

where 

R (ujt, e n ) a = [a — e n (e n a)] cos ujt + e n (e n a) — (e n A a) sin ujt. 

Using fl27j), (|2HD -P^jl and the standard form of state in C 2 

p = ±(I + ap), peR 3 , ||p||<l (40) 

One finds that 

x n (X,p) = (p,R(ujT,e n )a) =x n (a,p) (41) 

= p[a — e n (e n a)] cos ujt + pe n (e n a) — p (e n A a) sin cur (42) 

The special examples of (|39|) are the followings: 
Example 4 



e (1) 


= (l-cos9)e^e^-(sme)e^ 


(2) 
e n+l 


= (l-cos6)e^e^ + (sm6)e^ 


e (3) 


= cosfl+(l-cos#)(4 3) ) 2 


The last relation can 


be written in the form 




z n+l — 4uZ n (1 — Z n ) 


where 

z n 


= ^l-e[ 3 )),6=rsin?V. 
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Example 5 



'71+1 

'n+1 

= (3) 

'71+1 



-l + 2(l-cos^( e i 3 )) 2 ]e«-2(sin^)e( 3 )ei 2 ) 
-l + 2(l-co S ^)( e i 3 )) 2 ]el 2 )-2(sm^) e ( 3 ) e i 1 ) 
(l-a)ei 3) + a(ei 3 )) 2 



with 



a = 2(l-cos0), 0<a<4 



Choosing a = (0, 0, 1) = a and p = (0, 0, 1) = p , we have 



^n(ao,P J 



1-W 3) ) : 



COS OUT 

2 



+ (4 3) y 



COS( 



lut + (4 3) ) (1 - cos cur) . 



It is clear that in order to investigate the properties of the sequence x n (a , p ) 
it is enough to consider the sequence 



x 



' = (e (3) V 

n \ n ) 



which will be chaotic. 

The entropic chaos degree D for the above two examples are shown in 
Fig. 6.1 and 6.2 under initial value eg = l/y / 3(i = 1,2,3). 
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Fig.6.1.Ihe entrcpic chaos degree D for exmaple 1 
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Fig. 6. 2. The entrcpic chaos degree D for exmgple 2 



